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Abstract. In this paper, some new inequalities of the Hermite-Hadamard 
type for functions whose modulus of the derivatives are convex and applications 
for special means are given. Finally, some error estimates for the trapezoidal 
formula are obtained. 



1. INTRODUCTION 
A function / : / — > M is said to be convex function on / if the inequality 

fiax + (1 - a)y) < af{x) + (1 - a)f{y), 

holds for all y e / and a G [0, 1]. 

One of the most famous inequality for convex functions is so called Hermite- 
Hadamard's inequality as follows: Let / :/ C]R^>Rbea convex function defined 
on the interval / of real numbers and a, G /, with a < b. Then : 



(1.1) 



/(^U 1 



V(.)..,M±M. 



In [3], the following theorem which was obtained by Dragomir and Agarwal 
contains the Hermite-Hadamard type integral inequality. 



Theorem 1. Let f : 1° C R ^ M. be a differentiable mapping on 1° , a,b ^ 1° with 
a < b. If\f'\ is convex on [a,b], then the following inequality holds: 

l-b 

f{u)du 



(1.2) 



/(«) + f[h) 



1 



6- 



< 



(&-a)(|/'(a)| + |/'(6)|) 



In [4j Kirmaci, Bakula, Ozdemir and Pecaric proved the following theorem. 



Theorem 2. Let / : / — > M. / C M, he a differentiable function on 1° such that 
f £ L [a, b], where a,b £ I , a < b. If |/'|'' is concave on [a, b] for some q > 1, then: 

l-b 

f{u)du 



(1.3) 



/(«) + f{b) 



1 



< 



2 

b — a 



b — a 

1 



2q - 1 



r 



a + 36 



3a + 6 
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For recent results and generalizations concerning Hermite-Hadamard's inequality 
see [l]-[4] and the references therein. 

2. THE NEW HERMITE-HADAMARD TYPE INEQUALITIES 

In order to prove our main theorems, we first prove the following lemma: 

Lemma 1. Let / :/ CM— 5-M6ea dijferentiable mapping on 1° (the interior of 
I), where a,b d I with a < b. // /' G L [a, b], then the following inequality holds: 

f{u)du 



{b-x)fib) + {x-a)f{a) 1 

6-1 



(X — a) 



b — a 

\2 „1 







b — a 

Proof. We note that 



[t - I) f {tx + [l - t)a)dt + 



(b-x) 



2 „1 



(l-t) f'{tx + {l-t)b)dt. 



I = 



(x — a) 
b — a 



2 „1 



{t - 1) f {tx + {1 - t)a)dt 



2 ^1 



6-, 



(l-t) f'{tx + {l-t)b)dt. 



Integrating by parts, we get 



(x - a) 



b — a 

{x — a)^ 
b — a 

b — a 



it -I) 



fitx + (1 - t)a) 



1 f{tx + {l-t)a) 



dt 



(l-t) 
/(«) 



fitx + (1 - t)b) 



"'O 

1 



x — b 



"'O 



x — a 

' fjtx + (1 - t)b) 
x — b 



dt 



X — a [x — a) J a 

fib) , 1 

X — b 



fiu)du 



[x - b) Jb 
ib - x)f{b) + {x~ a)f{a) 1 



fiu)du 

b 



f{u)du. 



□ 



Using the Lemma [T] the following result can be obtained. 

Theorem 3. Let / :/ CR— 5-M6ea differentiate mapping on 1° such that 
f € L [a, b], where a,b £ I with a < b. If \ f'\ is convex on [a, b], then the following 
inequality holds: 



{b-x)f{b) + {x-a)f{a) 1 



^ (x-g) 
~ 6 — a 

for each x G [a, b] . 



b — a 

\rix)\ + 2\r{a)\ 

6 



b- 



f{u)du 



ib-x ) 

b-< 



2 r 



\f'i x)\+2\f'ib)\ 
6 
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Proof. Using Lemma [1] and taking the modulus, we have 
{b-x)fib) + ix-a)f{a) 1 



< 



(x — a) 
b — a 
ib-x) 



b — a 

2 „1 



b ^ a 



f{u)du 



(l-t) \f{tx + {l -t)a)\dt 







2 „1 



b — a 

Since |/'| is convex, then we get 



{l-t)\f'{tx+{l~t)b)\dt. 



ib-x)f{b) + ix-a)fia) 1 



< 



{x — a) 



b — a 

2 „1 



6- 



f{u)du 



[l-t) [t\nx)\ + [l-t)\f'{a)\]dt 







{b-x) 



2 „1 







b — a 

^ r|/'(^)|+2|/'(a)| 



(x — a) 



b — a 



6 



b — a 



\f{x)\+2\f{b)\ 



6 



which completes the proof. 

Corollary 1. In Theorem\^ if we choose x — we obtain 



fia) + f{b) 1 



6-1 



f{u)du 



< 



b-c 
12 



!/'(«)! 



/' 



If'ib) 



Remark 1. In Corollary\^ using the convexity of\f'\, we have 



f{a) + f{b) 1 



2 b-a 
which is the inequality in lll.2\) . 



f{u)du 



<^(I/'(«)I + I/'WI) 



□ 



Theorem 4. Let f : I C- R ^ R be a differ entiable mapping on 1° such that 
f E L [a, b], where a,b E I with a < b. If \f' \ ''^^ is convex on [a, b\ and for some 
fixed p > 1, then the following inequality holds: 



{b~x)f{b) + {x-a)f{a) 1 



< 



b ~ a 

— / — 
1 \ " /1\ 5 



b — a 



f{u)du 



p+l 



{x - af [|/'(a)r + ' + (fe - xf [\nxr + l/'Wr] ' 



b — a 



for each x S [a, b] and q — ^j^- 
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Proof. From Lemma [T] and using the well-known Holder integral inequality, we have 
{b-x)f{b) + {x-a)f{a) 1 



b — a 

2 rl 



6- 



f{u)du 



< 







(x — a) 
b — a 



b-a Jq 



(1 -t) \f'{tx+{l-t)a)\dt 



2 „1 



+ 



< 



(x — a) 



(b-x) 



il-t)\f{tx + {l-t)b)\dt 



{l~tfdt] / (1 -t)a)|'dt 



b — a 



{1-tfdt] / \f'{tx+{l-t)b)\Ut 



Since |/'|''^^ is convex, by the Hermite-Hadamard's inequality, we have 

^/'(..+(i-t)a)r..<mrH« 







and 



'intxHi-m\^dt<\i:M±^^ 



{b-x)f{b) + {x-a)f{a) 1 



< 



b — a 
1 \ " /1\ « 



b — a 



f{u)du 



p+l 



{x - af [|r(a)r + If'ixW] -^+{b- xf + 1/^(6)^] ^ 

b — a 

which completes the proof. 

Corollary 2. In Theorem^ if we choose x — we obtain 

f[a) + f[b) 1 



< 



b — a 



b — a I 1 \'' I IX" 



f{u)du 



4 \p+l 



I f a + b 



< 



/'(«)r 



b - a f 1 



I f a + b 



2 \p+l 



□ 



The second inequality is obtained using the following fact: '^^^lio-k + bkY < 
J2k=i ("fc)^ + J2k=i (bkY for (0 < s < 1), ai, 02, 03, a„ > ; 61, &2, ^3, > 



wif/i < ^ < 1, /orp > 1. 
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Theorem 5. Let / :/ CM— >M&ea differentiable mapping on 1° such that 
/' G L [a,b], where a,b € I with a < b. If |/'|^ is concave on [a,b], for some fixed 
q > I, then the following inequality holds: 



{b-x)f{b) + {x-a)f{a) 1 



< 



9-1 



2q-l 



b — a 



f{u)du 



b — a 

{x^af\f'{^)\+{b^xf\f'{^) 
b — a 



for each x G [a,b]. 



Proof. As in Theorem |4l using Lemma [T] and the weh-known Holder integral in- 
{b-x)f{b) + {x-a)f{a) 1 



equality for g > 1 and p = , we have 



< 



{x — a) 
b — a 
(b-x) 



b — a 
2 „i 



b — a 



f{u)du 



{l-t)\f'{tx + {l-t)a)\dt 







2 „1 



b — a 

2 



(1 -i) \ f{tx + {l-t)b)\dt 



< 



{x — a) 
b — a 



+ 



b — a 



(1 - t)~ dt 



{l~t)~ dt 



\f'{tx + {\-t)a)\'^ dt 



\f'{tx+{l~t)b)\'^dt 



Since |/'| is concave on [a, &], we can use the Jensen's integral inequality to obtain: 



If {tx + {l-t)a)f dt = / t° If {tx + {1 - t) 0)1"^ dt 



< 



t°dt 
I f a + X 



^ [lot'dtJo 



{tx + {l-t) a) dt 



I (b + X 



Analogously, 

C \f'{tx + {l-t)b)\Ut< f 
Jo 

Combining all the obtained inequalities, we get 

{b-x)f(b) + {x-a)f{a) 1 



b — a 



b — a 



f{u)du 



< 



q~l 



2q - 1 

which completes the proof. 



(x-ay\f'{^)\+{b-xy\f'{!^ 
b — a 



□ 
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Remark 2. In Theorem\^ if we choose x — ^y^, we have 



f{a) + f{b) 1 



< 



q-1 



2 b- a 



2q-l 

which is the inequality in il.S] 



b ~ a 



.f{u)du 
J., f 3a + b 



f 



I f a + 'Sb 



Theorem 6. Let / :/ CM— >]R&ea differ entiable mapping on 1° such that 
f E L [a, 6], where a,b (11 I with a < b. If |/'|'' is convex on [a,b], for some fixed 
q > I, then the following inequality holds: 



{b-x)f{b) + {x-a)f{a) 1 



2 V 3 



b ~ a b — a 

\2 



f{u)du 



{x - aY [If (x) 1^ + 2 \f' {a)\'^] ^ + (6 - x)' [If (x) |^ + 2 \f' {b)\'^] 

b — a 



for each x G [a, b]. 

Proof. Suppose that q > I. From Lemma [1] and using the weh- known power- mean 
inequaUty, we have 

{b~x)f{b) + {x-a)f{a) 1 



< 



{x — a) 



b — a 
2 „i 



6- 



f{u)dT 



(1 -t) \f'{tx+(l-t)a)\dt 







< 



b — a 

{x — a)^ 
b — a 

^{b-xf 
b — a 



2 ^1 



(1 -<) + (1 -i)6)|rft 



(1 - i) dt 



1 N 1- 

(1 -i) dt 



(1 -t) (1 -t)a)|'di 



(l-t)|/'(te + (l-i)5)|''rfi 



Since |/'|'' is convex, therefore we have 

»i 

(1 -t) |/'(ta;+ (1 -t)a)|'(ii 



< 



(i-t)[ti/'(x)r+(i-oi/'(a)r]dt 
If (x)r+2|/'(a)r 



Analogously, 



(1 -i) (1 < 



/' (x)|'^ + 2|/'(6)|' 



6 

Combining all the above inequalities gives the desired result. 



□ 
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Corollary 3. In Theorem choosing x = and then using the convexity of 
/'I*, we have 



/(a) + f{b) 1 



< 



< 



2 h- a 

h-a\ (\ 



f{u)du 



8 / V3 
6 1 



2|/'(a)r 



f f a + b 



2|/'(6) 



I ( a + b 



{b-a){\f'{a)\ + \f' (5)1). 



Theorem 7. Let f : I C R ^ M be a differentiable mapping on 1° such that 
/' G L [a,b], where a,b ^ I with a < b. If j/'j"^ is concave on [a,b], for some fixed 
q > 1, then the following inequality holds: 



(b - x) fib) + (x - a)f{a) 1 



f{u)du 



1 

< - 
- 2 



b — a b — a 

{x-af\f'{^)\ + ib-xf\f'{^) 
b ~ a 



Proof. First, we note that by the concavity of |/'|'' and the power- mean inequahty, 
we have 

I/' (tx + (1 - i) a)r > t i/'(x)r + (1 - 1) I/' (a)r • 



Hence, 



I/' {tx+il-t)a)\>t\f'{x)\ + il-t)\f' (a)| 



so l/'l is also concave. 

Accordingly, using Lemma [1] and the Jensen integral inequality, we have 



ib-x)f{b) + ix-a)f{a) 1 



< 



{x — a) 
b — a 

(b-x) 



b — a 
2 „i 



f{u)du 



[l-t) \f'{tx+{l~t)a)\dt 







2 „1 



< 



6- 

{x ~ a) 
b — a 

, ib-x) 



a JO 

'2 / rl 



(l-t) \f'{tx + {l-t)b)\dt 

, I Jo (te + (l-i) a)dt' 



(1 - 1) 





2 / pi 



r 



b — a 



(1 - t) dt 







M^jl-t) itx+il-t)b)dt \ 



< 



{x - of |/' I + (6 - xf \f' (^) I 



□ 
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Corollary 4. In Theorem^ if we choose 



f{a) + f{b) 1 



_ a+b 



we have 



b — a 



< 



b — a 



f 



I f ba + b 
"6~ 



f{u)du 
, f a + 5h 
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3. APPLICATIONS TO SPECIAL MEANS 

Recall the following means which could be considered extensions of arithmetic, 
logarithmic and generalized logarithmic from positive to real numbers. 
(1) The arithmetic mean: 

A = A{a,b) = ^^i-^; a, 6 e M 



(2) The logarithmic mean: 
L (a, b) 



In |6| — In \a 
(3) The generalized logarithmic mean 



a\ ^ \b\, ab^O, a,b e . 



Ln {a,b) 



n £ Z\{-1,0}, a,beR, a^b 



(b-a) 

Now using the results of Section 2, we give some applications to special means 
of real numbers. 

Proposition 1. Let a, & G M, a < fo, ^ [a, 6] and n € Z, \n\ > 2. Then, for all 
p> I 



(a) 



(3.1) \A{a\bn-Ll{a,b)\ < \n\{b-a) 

and 
(b) 



p+i 



ol-i- 

3 1 



(3.2) 1^ (a", 6") - LI {a, b)\ < \n\ {b - a) ^A {\ar' , \br') . 

Proof. The assertion follows from Corollary [5] and [3] for / (a;) = x", a; G M, Ji G Z, 

\n\ > 2. □ 

Proposition 2. Let a,b £ M., a < b, ^ [a,b]. Then, for all q > 1, 
(a) 

' ^lY A{\a\-\\b'-' 



(3.3) \A {a-\b-^) - L-^{a, b)\<{b~a) 

and 
(b) 

(3.4) \A{a-^,b-^) ~L-\a,b)\ < (5 - a) 



p+l 



3 1 



A{\a\-\\b\-'). 
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Proof. The assertion follows from Corollary [2] and [3] for f (x) — ^. 

4. THE TRAPEZOIDAL FORMULA 



□ 



Let d be a division a = xo < xi < ... < x„_i < x„ = 6 of the interval [a, b] and 
consider the quadrature formula 

rb 

f{x)dx = T{f,d)+E{f,d) 



(4.1) 
where 



f (X,) + f (Xi+l) 



{Xi+i ~ Xi) 



for the trapezoidal version and E (/, d) denotes the associated approximation error. 

Proposition 3. Let f : I C_ R ^ R be a differentiable mapping on 1° such that 
f ^ L [a, b], where a,b £ I with a < b and |/'| ''"^ is convex on [a, b], where p > 1. 
Then in ^J^, for every division d of [a,b] , the trapezoidal error estimate satisfies 



\Eif,d)\ < 



p + i 



Proof. On applying Corollary [2] on the subinterval [x^, Xi+i] (i = 0,l,2,...,n — l)of 
the division, we have 



f {Xi) + f {Xi+i) 



1 



< 



yXi-^l Xi 



Xi^l X'l J Xi 

2 



p+ 1 



/ [x) dx 



Hence in (|4.ip we have 



f{x)dx-T[f,d) 



< 



< 



E 

1=0 

E 



1=0 



f[x)dx {Xi+i - Xi) 



f[x)dx (Xi+i - Xi) 



p+l) (2) 5 



1 \ ' (S^j + l - Xi) 



(I/' + (x,+ l)|) 



which completes the proof. 



□ 



Proposition 4. Let / :/ C]R— 5>R6ea differentiable mapping on 1° such that 
f E L [a, b], where a,b £ I with a < b. If j/'j' is concave on [a, b], for some fixed 
q > 1. Then in every division d of [a,b] , the trapezoidal error estimate 

satisfies 



\E{f,d)\ < 



q - 1 \ " [Xi+i - Xi) 



2q- 



1=0 



/' 



/' 



Proof. The proof is similar to that of Proposition [3] and using Remark O □ 
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Proposition 5. Let / :/ CM— >M6ea dijferentiable mapping on 1° such that 
/' G L [a,h\, where a,b € I with a < b. If |/'|^ is concave on [a,b], for some fixed 
q > I. Then in l\4-lh f'^^ every division d of [a,b] , the trapezoidal error estimate 
satisfies 

n — 1 

\E{f,d)\<-J2{^^+l-^^f 

i=0 

Proof. The proof is similar to tliat of Proposition [3] and using Corollary H) □ 
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